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Abstract
In this article, we analytically investigate the microstructure of a five-dimensional neutral Gauss-
Bonnet black hole, in the background of anti-de Sitter spacetime, using scalar curvature of the
Ruppeiner geometry constructed via adiabatic compressibility. The microstructure details associ-
ated with the small-large black hole phase transition are probed in the parameter space of pressure
and volume. The curvature scalar shows similar properties for both phases of the black hole, it
diverges in the vicinity of critical point and approaches zero for extremal black holes. We show
that the dominant interaction among black hole molecules is attractive. This study also affirms
that the nature of the microstructure interaction remains unchanged during the small-large black
hole phase transition, even though the microstructures are different for both phases.
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I. INTRODUCTION
Recent developments in black hole chemistry suggest that the phase transition study can
be used to probe the intriguing properties of black holes. The black hole phase transition
study in AdS space is eased by the identification of the cosmological constant with the
thermodynamic variable pressure [1, 2]. What followed from the studies is that the phase
transition properties of certain AdS black holes are akin to conventional van der Waals
system [3–5]. Interestingly, numerous recent studies are focused on understanding the phe-
nomenological properties of the black hole microstructure in AdS spacetime via the phase
transition study [6–25]. These efforts are inspired by the applications of the Ruppeiner
geometry methods to the conventional thermodynamic systems [26–30]. However, there is
a significant difference in the approach in the context of black hole thermodynamics. In
a conventional statistical investigation of a thermal system, the macroscopic details can be
constructed from the microscopic details. In a black hole system, the perspective is different,
where the microscopic details are derived from the macroscopic thermodynamic knowledge
[31]. The elegance of Ruppeiner geometry method is that the sign of the curvature scalar,
constructed in appropriate parameter space, gives hints of the nature of microscopic inter-
actions. A negative sign stands for attractive interaction, whereas the positive sign for the
repulsive interaction. Moreover, the behaviour near the critical point signifies the validity of
the parameter space chosen for the study. The divergence of the curvature scalar near the
critical point of phase transition tells that the quantity is in turn related to the correlation
length of the interacting constituents. This provides an insight on the connection between
the curvature scalar and the microstructure of constituents.
Recently, a more fundamental approach in this regard in Ref. [7] ignited more interest
among the researchers. The Ruppeiner geometry method was framed from the Boltzmann
entropy formula by choosing the fluctuation coordinates as temperature and volume of the
thermodynamic system. A normalised universal metric, thus constructed, was used to study
the microstructure interaction. When applied to a conventional van der Waals system this
method gives expected results, where the dominant interaction among the fluid molecules is
always attractive in all phases. Surprisingly charged black holes showed deviation from this,
wherein a repulsive dominant interaction was also observed for certain physical conditions
[7, 8, 32]. However this result is not universal for all black holes, the five-dimensional
2
neutral Gauss-Bonnet AdS black holes resembles exactly to a van der Waals fluid [12]. These
contrasting results show that the black hole microstructure shows more rich properties than
a conventional thermodynamic system.
The primary motivation for our research is due to the newly proposed Ruppeiner ge-
ometry method for studying black hole microstructure of charged AdS black hole [33]. In
which authors have proposed a new normalised curvature scalar, constructed via adiabatic
compressibility. The parameter space coordinates are the pressure and the thermodynamic
volume of the black hole. For charged black holes it is observed that strong repulsive in-
teraction dominate among the constituents of near extremal small black holes, and the new
curvature scalar diverges for the extremal black holes. We seek the microscopic properties
of the five-dimensional Gauss-Bonnet black holes using this new method. The similarity or
the difference of the result obtained will help us to understand the microstructures of the
black hole in this modified gravity.
The paper is organised as follows. In the next section, we discuss the thermodynamics
and the phase transition of the black hole. Then the microstructure study is carried out
by constructing the Ruppeiner geometry using the fluctuation coordinates as pressure and
volume (section III). In the last section ( IV) we present our findings.
II. THERMODYNAMICS AND PHASE TRANSITION OF THE BLACK HOLE
In this section we outline the extended phase space thermodynamics of A five dimensional
neutral Gauss-Bonnet AdS black hole. We begin by considering the most general form of
the action which describes a d-dimensional charged GB-AdS black hole is,
S =
∫
ddx
√−g
(
1
16piGd
(R− 2Λ + αGBLGB)− Lmatter
)
(1)
where the Lagrangian densities are given by,
LGB = RµνγδRµνγδ − 4RµνRµν +R2 (2)
Lmatter = 4piFµνFµν . (3)
In the above exprssion αGB is the Gauss-Bonnet coupling constant and Fµν = ∂µAν−∂νAµ is
the Maxwell field strength with the vector potential Aµ. The spherically symmetric solution
for the above action is given by [34–37] ,
ds2 = −f(r)dt2 + f−1(r)dr2 + r2 (dθ2 + sin2 θdφ2 + cos2 θdΩ2d−4) (4)
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with the corresponding metric function,
f(r) = 1 +
r2
2α
(
1−
√
1 +
2α
d− 2
(
32piM
Σd−2rd−1
− 4Q
2
(d− 3) r2d−4 +
4Λ
d− 1
))
. (5)
where the new parameter α is related to GB coupling constant as α = (d− 3) (d− 4)αGB
and Σd−2 is the area of a unit sphere in (d−2) dimensions. The parameters M and Q in the
solutions correspond to the black hole mass and charge, respectively. We intend to study
the extended thermodynamics of the black hole, where the cosmological constant is taken
as pressure by the relation,
P = − Λ
8pi
. (6)
The d dimensional charged solution takes the simple form in form in five dimension for
neutral case. For d = 5 and Q = 0 we have,
f(r) = 1 +
r2
2α
(
1−
√
1 +
32Mα
3pir4
− 16Ppiα
3
)
(7)
The choice of this simple form is motivated by the fact that it exhibits a phase transition
analogous to the van der Waals fluid, namely the small-large black hole transition. Also
there exists analytical expression for the coexistence curve which characterises this phase
transition. This enables one to study the phase transition and hence the associated properties
of the black hole analytically. Doing so we try to understand the influence of the GB coupling
parameter on the black hole phase structure and underlying microstruture. The position of
the black hole event horizon (r+) is governed by the largest positive real root of f(r+) = 0.
Using that condition we obtain the mass of the black hole, which reads
M =
pi
8
(
4Ppir4h + 3r
2
h + 3α
)
. (8)
In the extended phase space this is treated as the enthalpy of the black hole system, M = H
[38]. The Hawking temperature at the event horizon is evaluated as,
T =
f ′(r+)
4pi
=
8piPr4h + 3rh
6pir2h + 12piα
. (9)
Now we can write the first law and Smarr relation for the black hole,
dH = TdS + V dP +Adα (10)
2H = 3TS − 2PV + 2Aα, (11)
4
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Figure 1: P − V isotherms of the five dimensional Gauss Bonnet AdS black hole. The isotherms
are shown in reduced parameters. The shaded (grey) region below the solid black line corresponds
to the unstable states. (The x axis is in the log scale).
where S and V are the entropy and the thermodynamic volume of the black hole. The
vriable A is conjugate to the GB coupling constant α. These thermodynamic variables have
the following form, which are consistent with the first law and Smarr reltion.
S =
pi2rh
2
(
r2h + 6α
) A = −pi
8
(
32piPr4h + 9r
2
h − 6α
r2h + 2α
)
, V =
pi2r4h
2
. (12)
In addition to this we define the specific volume as v = 4
3
rh. Our investigation of black hole
microstructure is based on the fact the black hole entropy S is function of volume V for a
fixed value of GB coupling constant α, which is evident from the above expressions. This
result we will use in the next section. To review the thermodynamics we write the state
equation,
P =
T
v
− 2
3piv 2
+
32Tα
9v 3
(13)
The equation of state has α dependence, which shows the van der Waals like phase transition
is depends on it. The phase transition of the black hole is between a small black hole phase
and a large black hole phase. The behavior of isotherms in the P-V plane which features
this transition is shown in fig. 1.
The critical point of transition is calculated by using the constraints, (∂
v
P )T =
(∂
v ,vP )T = 0. Which are given by [12, 39],
Pc =
1
48piα
, Tc =
1
2pi
√
6α
, Vc = 18pi
2α2, vc =
√
32α
3
. (14)
Using this we define the reduced thermodynamic quantities as,
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Pr =
P
Pc
, Tr =
T
Tc
, vr =
v
vc
, Vr =
V
Vc
. (15)
In the reduced parameter space the equation of state takes the following form,
Pr =
3Tr
vr
− 3
v
r
2
+
Tr
v 3r
(16)
It is clear that in the reduced parameter space the state equation is independent of the
coupling constant α. This inturn related to the fact that the black hole under consideration
is a single-characteristic-parameter system [40]. For the temperature below the critical value
Tr < 1, the oscillating part of the isotherms in fig. 1 stand for the unstable system which
has a negative isothermal compressibility,
κT = − 1
V
(
∂V
∂P
)
T
< 0 (17)
These unstable regions are removed using the Maxweel equal area construction,
∮
V dP = 0.
The construction signifies a first order phase transition of the system. However the equal
area law construction can be carried out in P − V plane, not in the P − v plane. For that
we use the equation of state in terms of the thermodynamic volume,
P =
3pi3/2αT
2 (2V )3/4
+
3
√
piT
4 (2V )1/4
− 3
8
√
2V
(18)
or in the reduced parameter space,
Pr =
Tr
V
3/4
r
− 3√
Vr
+
3Tr
V
1/4
r
. (19)
Equivalently one can construct the Maxwell equal area law in T − S plane [41]. The coex-
istence curve hence obtained determines the small-large black hole transition region. The
coexistence curve can also be obtained by other means, i.e., from the Gibbs free energy
method. For the five dimensional neutral Gauss Bonnet black hole we have the following
forms of coexistence curve in different planes [12, 39],
Pr =
1
2
(
3−
√
9− 8T 2r
)
(20)
Tr =
3V
/4
r (1 +
√
Vr)
1 + 4
√
Vr + Vr
(21)
The existence of these analytic solutions enables us to examine the microstructure of the
black hole analytically, which we will perform in the next section.
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III. RUPPEINER GEOMETRY AND MICROSTRUCTURE OF BLACK HOLE
In this section, we probe the microstructure of five-dimensional Gauss-Bonnet black hole
using Ruppeiner geometry constructed in the parameter space of fluctuation coordinates.
Basically, this naive idea is developed from Gaussian thermodynamic fluctuation theory [26].
In this approach, a scalar curvature is constructed from a line element, which is the measure
of the distance between two neighbouring fluctuation states of the thermodynamic system.
The sign of the curvature scalar tells the nature of the interaction between the constituents of
the thermal system, a negative sign for attractive and a positive sign for repulsive interaction.
Vanishing curvature scalar corresponds to no interaction in this picture. This correspondence
is adopted from the applications of Ruppeiner geometry in conventional thermodynamic
systems [27, 28].
In a recent work the microstructure of the charged AdS black hole is investigated by
using a new fluctuation metric in the parameter space of pressure and temperature. It
is shown that the fluctuation metric in the (S, P ) coordinates can be translated to (P, V )
coordinates, as the entropy of the black hole depends only on volume V . The line element
in this parameter space of (S, P ) has the form [33],
dl2 =
1
CP
dS2 +
V
T
κSdP
2. (22)
Where the heat capacity at constant pressure CP and adiabatic compressibility κS are given
by,
CP = T
(
∂S
∂T
)
P
, κS = − 1
V
(
∂V
∂P
)
S
. (23)
For neutral five dimensional Gauss Bonnet black hole we can write Eq. 22 as,
dl2 =
1
CP

9pi
(
2× 21/4piα + 23/4
√
V
)2
64V 3/2

 dV 2 + V
T
κSdP
2. (24)
Now we have pressure and volume as the fluctuation variable, so that we can construct the
thermodynamic geometry in P − V plane. The adiabatic compressibility κS is a vanishing
quantity for a black hole, like the heat capacity at constant volume, CV . To avoid the
pathologies associated with the curvature a scalar due to this, a normalised thermodynamic
scalar is proposed by Amin Dehyadegari et. al., [33] as,
RN = κSR. (25)
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Figure 2: The behaviour of the normalised curvature scalar RN against the reduced volume Vr at
constant pressure.
By the direct application of the definition of curvature scalar in Riemannian geometry to
Eq. (24) we obtain normalised Ruppeiner scalar RN for the five dimensional neutral Gauss
Bonnet black hole. In terms of the reduced parameters Pr and Vr it reads,
RN =
32
√
2
3
Vr
1/4
(
3PrVr + 3(Pr − 1)
√
Vr + 5
)
pi
(
Pr
√
Vr + 3
) (
PrVr + (Pr − 3)
√
Vr + 1
)2 . (26)
As in the case of charged AdS black hole, where no charge dependence, the normalised
curvature scalar RN is independent of the Gauss Bonnet coupling parameter α. The Eq.
(22) also gives the same expression for RN , i.e., via in the (S, P ) parameter space. The
functional behaviour of RN with reduced volume Vr for a fixed pressure is studied in fig (2).
The behaviour is similar to that of the normalised Ruppeiner scalar in (T, V ) parameter
space [12, 32]. For Pr < 1, below critical pressure, RN has two negative divergences. Those
two divergences come nearer as the pressure increases and merge at Vr = 1 for Pr = 1. For the
pressure above the critical value, P > Pr, there is no divergence for RN . Another important
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feature to observe from these figures is that the curvature scalar RN is always positive, which
is the indication that the dominant interaction in the black hole microstructure is always
attractive.
In fact we can study the overall behaviour of curvature scalar in Pr − Vr plane. The
divergences of RN in the Pr − Vr plane can be obtained from Eq. (26) as,
Pdiv =
3
√
Vr− 1
Vr +
√
Vr
, (27)
where we have taken only the positive root. We also obtain the curve along which the
curvature scalar RN vanishes,
P0 =
3
√
Vr− 5
3
(√
Vr + 1
)√
Vr
. (28)
This is the equation which governs the change in the interaction between the black hole
molecules from attractive to repulsive and vice versa, provided the conditions are favourable
for stability. To understand this, we depict Eq. (27) and Eq. (28) along with the coexistence
curve in fig. 3(a). The shaded regions correspond to the positive sign of RN and hence
the underlying repulsive interactions. In the remaining regions, RN takes negative values,
implying the dominant attractive interactions. It is clear from fig. 3(a) that the diverging
curve and the vanishing curve are both under the coexistence curve. The equation of state
does not hold under the coexistence curve, which is the region of coexistence of small and
large black holes. There this region is excluded as the system is not stable here. Therefore,
for five-dimensional neutral Gauss-Bonnet black hole, all the physically meaningful stable
regions give a negative sign for RN always. This implies that there exist only dominant
attractive interactions among the constituents of five-dimensional Gauss-Bonnet AdS black
hole. This result is different from that of charged AdS black hole where repulsive interaction
can exist for small black hole phase [7, 8, 33]. These results are consistent with the earlier
observation on the five-dimensional Gauss-Bonnet AdS black hole microstructure [12].
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Figure 3: 3(a): The vanishing curve (red dashed line) and diverging curve (black dotdashed line)
of RN along with the coexistence curve (blue solid line) . The shaded region (grey) corresponds
to positive RN , otherwise RN is negative. The x axis is in log scale. 3(b): The behaviour of
normalised curvature scalar RN along the coexistence line. The red (solid) line and blue (dashed)
line corresponds to large black hole and small black hole, respectively.
Finally, we consider the behaviour of the normalised curvature scalar RN along the co-
existence curve (fig. 3(b)). Both the small black hole and the large black hole branches of
RN diverges to −∞ in the vicinity of the critical point and approaches zero for the extremal
cases. The negative sign of RN for all parameter space affirms that there exists only dom-
inant attractive interaction in the black hole microstructure. The interaction vanishes as
the Tr → 0 whereas the attractive interaction becomes stronger as Tr → Tc. The diverging
nature of RN near the critical point is similar to that of van der Waals case. From the
analysis, we conclude that the dominant interaction of five-dimensional Gauss-Bonnet black
hole is similar to van der interaction, where it is always attractive.
IV. DISCUSSIONS
In this article, we have probed the microstructure of five-dimensional neutral Gauss-
Bonnet AdS black hole by studying its phase transition. We have adopted a new definition
for the scalar curvature of the Ruppeiner geometry, constructed via adiabatic compressibility,
which recently appeared in Ref. [33]. The fluctuation coordinates in this description are the
pressure and the volume of the black hole. The microscopic properties are understood by
looking at the behaviour of this new normalised curvature scalar along the coexistence line
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and in the neighbourhood of the critical point. The study is carried out analytically. Two
main findings from our investigation is that (i) the normalised curvature scalar RN = κSR is
always negative for all physically meaningful regions in the parameter space, which implies
an attractive interaction among the black hole molecules, (ii) in the vicinity of the critical
point, RN diverges to negative infinity for both small black hole and large black hole phases.
The similarity in the properties of RN for two phases of the black hole shows that, unlike
charged AdS black holes, the nature of the interaction between black hole molecules is
unchanged in Gauss-Bonnet AdS gravity during the phase transition. Also, the like results
for microstructure in different parameter space, compared to the previous results in the
literature [12], affirms that the nature of the interaction between microstructures is eternal
to the system. We believe that there is more to explore in the black hole microstructure,
and our study enhances the utility of the available tools to probe those properties.
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